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3.1. Introduction. This chapter contains methods to obtain Green function for a given non-
homogeneous linear second order boundary value problem and reduction of boundary value problem to
Fredholm integral equation with Green function as kernel.

31.1. Objective. The objective of these contents is to provide some important results to the reader like:

(i) Construction of Green function.

(if) Reduction of boundary value problem to Fredholm integral equation with Green function as kernel.

3.1.2. Keywords. Green function, Integral Equations, Boundary Conditions.

3.2. Construction of Green function. Consider a differential equation of order n

L(u) = po(X) u" +p,(x) U™ +p,(X) U" % +......+p,(X) U =0 (1)
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boundary conditions
Vi(U) = e, U(@) +au'(a) + afu"(@) +.......... +a)u"(a)
+B.u(b) + Siu'(b) + SEU"(D) + ... + A" (b) (2
for k = 1, 2,...,n, where the linear forms V1, Va,..., Vain u(a), u’(a),...,u"*(a), u(b), u’(b), ..., u"*(b)
are linearly independent.

The homogeneous boundary value problem (1), (2) contains only a trivial solution u(x) = 0.

Green’s function of the boundary value problem (1), (2) is the function G (X, &) constructed for any
point &, a< & < b satisfying the following properties :

1. G(x, &) iscontinuous in x for fixed & and has continuous derivatives with regard to x upto order

(n—2) inclusive for a<x<b.
2. Its (n—21)th derivative with regard to x at the point x = & has a discontinuity of first kind, the

jump being equal to — , thatis,

[po(x)]x= &

8“*1 ahfl l
= G(X,é)} —{ = G(X,f)} == ©)
{ax ' X:§+0 ax ' X:é‘:,o pO (5)

where G|X:§+0 defines the limit of G(x, &) as x— & from the right and G|X:‘5_0 defines the limit

of G(x, &) as x— & from the left.

3. Ineach of the intervals [a, £) and (&, b] the function G(x, &), considered as a function of x, is a
solution of the equation (1)

L(G)=0 4
4. The function G(x, &) satisfies the boundary conditions (2)
V(G)=0,k=1,2,3,....,n, (5)

If the boundary value problem (1), (2) contains only the trivial solution u(x) = O then the operator L
contains one and only one Green’s function G(x, &).

Consider ui(x), uz2(x),..., un(x) be linearly independent solutions of the equation L(u) = 0. From the
condition 1, the unknown Green’s function G(x, &) must have the representation on the intervals [a, &)

and (&, b]
G(X, &) =awu1(x) + au2(x) + ... + anun(X), a<X <&
and G(X, &) =b1uz(x) + baua(x) + ... + baun(X), £ <x <b,

where a1, a,...,an, b1, ba,..., b are some functions of ¢£.
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From the condition 1, the continuity of the function G(x, &) and of its first (n—2) derivatives with
regard to x at the point x = & yields

[biui(&) + baua( &) + ... +baun(& )] —[a1u(&) + azu2(&) +... +antn(&$)] =0
[b,ui (&) +byuy(8) +... +bup (E)]-[a,u(E) +aus(8) +...+a,ug (8] =0
[byui (&) +byuy () +...+ buf (E)]-[aui(&) +a,us (&) +... +a,un($)]=0

[blui“z(f)+b2u2‘2(§)+...+bnu 2(O)1- [alu (&) +a,uy (§)+ A+a,up()]=0

1
Py (&)

Assume Ck(¢&) = br(&)—-a(&é), k =1, 2, ..., n; then the system of linear equations in Ck(&) are
obtained

Also,  [byuy ™ (&) +byuz ™ (§) +...+ bup ™ (E)] - [auy (&) +auz ™ (§) +..+ayup (§)] =~

Cu;(8) +Cou, () +...+Cu (8) =0

Cui (&) +Couy () +...+Cup(£) =0

CUl 2 (&) +CLuh 2 (&) +...+C UM 2(£) =0

1
Po (&)

The determinant of the system is equal to the value of the Wronskian W(uy, U, ..., un) at the point x = &
and is therefore different from zero.

Cyuy 7 (§) + Coup (&) +..+ Crup (&) = (6)

From the boundary conditions (2), we have
Vi(U) = Ax(u) + B(u) (7)

where A(U) = aqU(@) + @ U (@) + @7 U @)+ .ot U @)

Bk(u) = B.u(b) + S u'(b) + £2 U"(D) +........ + 427" (b)
Using the condition 4, we have
Vi(G) = a1Ak(u1) + a2Ak(u2) + ... + anAk(Un) + ... + b1Bk(u1) + b2Bk(uz) + ... + bnBk(un) = 0,
wherek=1,2,...,n
Since ak = bk —ck, S0 we have
(by—c)A, (u)+(b, —Cy)A (u,) +...+(b, —C)A(u,) +b,B, (u) +b,B,(u,) +...+b,B,(u,)=0

= by Vi (Uy) + b,V (Uz) +... 40,V (U) = A (Uy) +CoA (Up) +... +C A (U) (8)
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zero, that is,

Vl(ul) Vl(uz) Vl(un)
>(up)  V,(uy) »(uy) 20
Vn(ul) Vn(uz) Vn(un)
The system of equations (8) contain a unique solution in b1(&), bo( &), ..., ba(&) and since

ak(&) = bk(&) —ck( &), it follows that the quantities ax( &) are defined uniquely.

I. If the boundary value problem (1), (2) is self — adjoint, then Green’s function is symmetric, that is,
G(x, &) =G(&, x). The converse is true as well.

I. If at one of the extremities of an interval [a, b], the coefficient of the derivative vanishes. For
example, po(a) = 0, then the natural boundary condition for the boundedness of the solution x = a is
imposed, and at the other extremity the ordinary boundary condition is specified.

3.2.1. Particular case. We shall construct the Green’s Function G(x, &) for a given number &, for the
second differential equation

L(u)+ ¢(x)=0 1)

d d
&(p&j+q 2

Together with the homogenous boundary conditions of the form

where L

au+ﬁ3—i:0 3)

The Green’s function G(x, &) constructed for any point & a<&<b contains the following
properties:

1. G(&)=G,(&); it follows that the function G(x, §)is continuous in x for fixed &, in particular,
continuous at the point x = &.

2. The derivatives of G(which are of finite magnitude) are continuous at every point within the range of
X except at x = & where it is continuous so that

1
Gy(8) - Gi(&) ———
i ' p(8)
3. The functions G1 and G2 satisfy homogenous conditions at the end points x = a and x = b respectively.

4. The function G1 and G2 satisfy the homogenous equations LG = 0 in their defined intervals except at z
= ¢, thatis, LG, =0,x<&, LG, =0, x>E&.



Consider the Green’s function G(X, &) exists, then the solution of the given differential equation can be
transformed to the relation

u(x) = [ G(x, &) §(&) dg @)

Consider  two linearly  independent  solutions of the  homogeneous  equation
L(u)=0. Let u=vy,(x)and u=u,(x) be the non-trivial solution of the equation, which satisfy the

homogenous conditions at x = a and x = b respectively.
Consider the Green’s functions for the problem from the conditions 111 and 1V, in the form

Cu(x), x<§

09" {clupnct

(5)
where the constant C; and C» are chosen in a manner that the conditions | and 11 are fulfilled. Thus, we
have

Czuz(g)_clul(a) =0

1
Cu,(§)-Cu,(§)——— 6
U, (8)—Cuy(8) 3 (6)

The determinant of the system (6) is the Wronskian W[ul(i), uz(i)] evaluated at the point x = & for

linearly independent solution ui(x) and uz2(x), and, hence it is different from zero W(§) =0

WE L@
u(&) uy(é) =U (E)Uy(E)—U,(E)uy(E) @)

By using Abel’s formula, we notice that the expression has the value {C/p(&)}, where C is a constant
independent of &, that is,

W uy(8), u,(€) ] =

C
' _ ' - 8
U (E)U5(8)—U,(E)uy(E) e )

From the system (6), we have

1 1
Cl - _E Uz(i) ) Cz __E Ul(i)

Thus the relation (5) reduces to

SO, X<
o= ¢ ©)
_Eul(g)uz(x)a X>&
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This result breaks down iff C vanishes, so that ui and u. are linearly dependent, and hence are each
multiples of a certain non-trivia function U(x). In this case, the function u(x) satisfies the equation L(u)
= 0 together with the end conditions at x = a, x = b.

Converse. The integral equation

ux) = [ G(x, &) o(&) dg (10)
where G(x, &) are defined by the relation (9), satisfy the differential equation
L(u)+ ¢ (x) =0 (11)
together with the prescribed boundary condition.
We know that

160 = -2 | [1u(2) 100 60 0+ [ 1,69 1, () 0(e) ¢ | (12)

ue) = —é [ [F1500 1,(2) 6(2) de+ Ui u(8) $(©) da} (13)
w0 = —= | [[u6 u&) ) de+ U us(s) $06) d |

_é [U500) Uy (%) — (%) U,00]6(x) (14)

Since L(u) = p()u”(x)+ p)u’(x)+ q(x) u(x)
Thus,

L=~ | [/ 10,00 (&) ) de+ [ TLu,00} (&) 6() de | = {p(x) ?¢(x)}

Again, ui(x) and uz(x) satisfy L (u) = 0, hence the first two terms vanish identically.
So,LuX)=—-o¢6(x) = Lux)+ ¢(x)=0
Therefore, a function u(x) satisfying (10) also satisfies the differential equation (11)

Again from (12) and (13), we have
- _u@pe
u(@ = - =5 0, () §(E) g

w@ = -5 0 o) de

which shows that the function u defined by (11) satisfies the same homogeneous condition at x = a as
the function us.
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Note. Let ¢ (X) = Ar(x) u(x) —f(x).
From the differential equation (1), we have
Lu(x) + Ar(x) u(x) = f(x) (15)

The corresponding Fredholm integral equation becomes

ux) = % [ G(x, &) r(&) u(g) de— [ G(x, &) f (&) de (16)
where G(x, &) is the Green’s function.

From (9), it follows that G(x, &) is symmetric but the kernel K(x, &) {= G(x, &)r(§)} is not
symmetric unless r(x) is a constant.

Consider J{r(x)}u(x) =V(x) with the assumption that r(x) is non — negative over (a, b). This equation
(16) may be expressed as

jﬂ_xj G (x, §)I(E) V(&) e[ G (x, &) f(£) dg

or VEo = 2 K (¢, £) V(E) de— [ K (x, &) j% a7)

where K(x, &) = \/{r(x)r(i)} G(x, &) and hence possesses the same symmetry as G(x, &).

3.2.2. Example. Construct an integral equation corresponding to the boundary value problem.

x? 3 lj+x3—u+(kx -Hu =0, (@))
u(0) =0, u(l) =0 @)

Solution. The differential equation (1) may be written as

d (xd—uj+(—1+kxj u=0.
dx \ dx X

or d( du) u +2xu=0.
dx\ dx /) x

Comparing with the equation (15), we have
p:x’q:_l,r:x (3)
X

The general solution of the homogeneous equation

L(u)=0 = {i(xduj 4 }: 0 is given by

dx\ dx /) x
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1
u(x) =Cix + Cy| =
X

Consider u = ug(x) and u = uz(x) be the non — trivial solutions of the equation, which satisfy the
conditions at x = 0 and x = 1 respectively then

uz(x) = x and uz(x) = 1 X.
X

i)

So, 0, (UL 00— U, (UL () = —é —C= -2

The Wronskian of ui(x) and uz(x) is given by

U, (x)  U,(x)

e e T

Thus from the relation (19), we have

ey, x<e,
G(x, £)= S 4
1
_é(l_xz), X>E_>!
2 X

Therefore, from (16), the corresponding Fredholm integral equation becomes

u(x) = KI:G(X , &) & u(g) dE, where the Green’s function G(x, &) is defined by the relation (4).

3.2.3. Example. Construct Green’s function for the homogeneous boundary value problem

4
:TT = 0 with the conditions u(0) = u’(0) =0, u(1) = u'(1) = 0.

Solution. The differential equation is given by

2o &)
We notice that the boundary value problem contains only a trivial solution. The fundamental system of
solutions for the differential equation (1) is

ur(X) = 1, u2(x) = X, us(X) = X2, ua(x) = x* (2)
Its general solution is of the form

u(x) = A + Bx + Cx? + Dx5,

where A, B, C, D are arbitrary constants. The boundary conditions give the relations for determining the
constants A, B, C, D :

u(0) = 0 = A=0, u'(0)=0 -~  B=0



u(l)=0 -~ A+B+C+D=0, u'(1)=0 — B+2C+3D=0
- A=B=C=D=0.

Thus the boundary value problem has only a zero solution u(x) = 0 and hence we can construct a
unique Green’s function for it.

Construction of Green’s Function: Consider the unknown Green’s function G(x, &) must have the
representation on the interval [0, £)and (&, 1].

G g):{al.1+a2.x+a3.x:+a4.>j , 0<x<¢ )
b,.1+b, x+b,.x"+b,. x> , &£<x<1

where ai, a2, a3, a4, b1, b2, bs, bs are the unknown functions of €.
Consider Ck=bk(&)—a(&),k=1,2,3,4,... 4)
The system of linear equations for determining the functions Ck( & ) become

Ci1+CoE+C38%2+Cs%=0

C2+2C3& +3C4£2=0

2C3+6C4 & =0

6Cs=1

S CE)= 2,CE)= — 2 £, C(8)= 2 ERC(E) = — ¢ & ©)
From the property 4 of Green’s function, it must satisfy the boundary conditions :

G(0, £)=0,G,(0, €)=0

G, €)=0,G,(1, €)=0
The relations reduce to

=0, a2=0

bi+b2+bs+hbs=0

b2 + 2bs +3bs =0 (6)

From the relation (4), (5) and (6), we have

Cr=bi(8) () = bi(&) = — ¢ &°

or cz=bz(a)—az(a):»bz<a)=§a2
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or b3+b4:% g 3, % &2, 2b3+3bs = — % g?
S bi(E)=2 g7 - gtandby(g)= o g0 - g2
or Cs(&)=bs( &) —as( &)

=X ag(i)=b3(i)—03(i)=% g% - §2+%5

and Ca(&)=ba( &) —au(&)

1 1

> a(8)=b(8)-C(&)= - &2 - 2 &0 -1

Substituting the value of the constants az, a, as, as, b1, b2, Cs, Cs4 in the relation (3), the Green’s function
G(x, &) is obtained as

1&—§2+1§3 — 1—1§2+1§3 X , 0<x<§
2 2 6 2 3
R AP 1 1., 1
— =+ EX | 2 || 2 -2 X , <x<1
6& 23% (Zé &j (2‘2 3éj g
The expression G(x, &) may be transformed to
1 1 1 1 1
G(X, £)=| =x—x*+=x} |87 -| = - =x*+=x|&°, <x<1
x )= (3x-xe30 e (gpegnfe.
= G(x, £€)=G(¢&, x), that is, Green’s function is symmetric.
, . . du du _ . . . _
3.2.4. Example. Construct Green’s function for the equation x WJFE = 0 with the conditions u(x) is
bounded as x—0, u(1) = pu'(1), n=0.
. . . L du du _
Solution. The differential equation is given by X W+& =0 @
2 2
or d’u/dx dx:—ldx
du/dx X
or log du _ —logx + logA
dx
du _ A
or — = —
dx X

or u(x) = Alogx + B 2



The conditions u(x) is bounded as x—0 and u(1) = pnu’(1), u=0 has only a trivial solution u(x) = 0,

hence we can construct a (unique) Green’s function G(x, &)

Consider the function G(x, &) as:

a+a,logx, 0<x<g
G(x, §) = b 3)
,+b,logx, £<x<1
where ai, a2, b1, b2 are unknown functions of & .
Consider Ck=hbx( &) —ak( &), k=1, 2,...
From the continuity of G(x, &) for x = &, we obtain
b1+ balog & —a1—azlogg =0
and the jump G, (x, &) atthe pointx = & is equal to é so that
1 1 1
bo. = —a2. = = - =
g g
Putting Ci=bi—-a;, Co=hy—a 4
= Ci+Cz2logg =0,Co= —1.
Hence Ci=log ¢ and Cy= -1 5)

The boundedness of the function G(x, &) asx—0givesa, =0

Also, G(X, €)= uG, (X, §),b1= ph

= aa= —(p+logg),a=0bi=-1,b2=-p

Substituting the value of the constants ai, az, b1, bz in the relation (3), the Green’s function is obtained as

—(u+logg) , 0<x<g
GKx, &)= :
—(L+plogx) , E<x<1
3.2.5. Exercise.
1. Construct the Green’s function for the boundary value problem u”(x)+up’u = 0 with the
conditions u(0) = u(1) = 0.
sinpu(&—1)sinux 0<x<t

Answer. G(X, £) =+ . Ms_m”
sinu&sinu(x—1) E<x<l

psinpu
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2
2. Find the Green’s function for the boundary value problem 3—g—u(x) =0 with the conditions
X

u(0) =u(1) =0.
sinh xsinh(§ —1) 0<x<E
Answer. GKx, &)= i S'_nhl
sinh gsinh(x —1) F<x<l
sinhl -

3.2.6. Article. If u(x) has continuous first and second derivatives, and satisfies the boundary value
2
problem STS'F}\.U =0 with u(0) = u(l) = 0 then u(x) is continuous and satisfies the homogeneous linear

integral equation u(x) = KI:G(X ,E)u(g) dg.
Solution : The differential equation may be written as
d' du _

—+Au=0 =

—AU 1
dx? dx? @)

By integrating with regard to x over the interval (0, X) two times, we obtain

du _ . rx
o xjo u(¢)de+C
or u(x) = — A (x-&) u(&) de+C,+D @)

where C and D are the integration constants, to be determined by the boundary conditions.

u(0) =0 - D=0

u(l) = 0 = Af[(0-g)u(g)dz+Cl =0

= = tfo-g)ue)de

Substituting the value of the constants C and D in (2), we have

60 == 2f] (x-E) u() e+ ['X(1-8) u(e) de
or UG = A} (x-8) u(e) e+ X8 u(e) de+ [ x-8) u(e) de
or  u(x)= xjj%(l—x) u(E) dE+A [ T(-E)u(E) de

o u(X)= A[ G, &)u(g)de



Ié(l—x) , X>§

fa—@ L X<E

where G(Kx, &)=

3.2.7. Exercise.

2
1. Construct the Green’s function for the boundary value problem (;—l;Jr p’u =0 with the conditions
X

u(0) =u(l)=0.
aicosux+azsinux:—S'n“(ii_nl)?m“x , 0<x<g
Answer. G(x, §) = . ”. ’ |
blcosux+bzsinux=—Sm“éS'_n“(X_ ) , E<x<l
psinul

2
2. Construct the Green’s function for the boundary value problem 2—3 = 0 with the conditions u(0) =
X

u’(1) and u’(0) = u(l).

_ [ (EH2xa(E+Y) . 0s<x<t
Answer. G(x, &) = { (£ +1)x+1 ’ £<x<1

3
3. Construct the Green’s function for the boundary value problemg—l; = 0 with the boundary
X

conditions u(0) = u’(1) =0 and u’(0) = u(d).

1X(§—l)[X—X§+2§] 0<x<§g
Answer. G(x, &) = i
SUX@-0(E-2)+8] g<x <l

2
4. Construct the Green’s function for the boundary value problem x* 3—l:+ Xj—u—u = 0 with u(x) is
X X

bounded as x—0 and u(1) = 0.

%x(%—l} , 0<x<¢g
Answer. G(x, &) = . 1§
E(;—XJ s a<X <1

2
5. Construct the Green’s function for the boundary value problem j—l: —u = 0 with the conditions u(0)
X

= u'(0)and u(l) + A u'(l) =0.
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—l(ﬂje”&z%%e“’ , 0<x<§&

2\1+A
Answer. G(x, &) = * , where |A]#1.
B g IR P , E<x<1
2\1+A 2

6. Using Green’s function, solve the boundary value problem u”(x) —u(x) = X with boundary
conditions u(0) = u(1) = 0.

_sinhxsinh(§-1)

,0<x<¢g
Answer. Here, G(x, &) = . S'_nhl and the solution of the given boundary
sinh gsinh(x —1)
- : ,E<x<1
sinhl
1
value problem is given by u(x) = I G(x, )X d&, sou(x) = 5|_nh X_
0 sinhl

2
7. Using Green’s function, solve the boundary value problem 3—l:+u = x with the boundary
X

conditions u(0) = 0 and u( 7/2) = 0.

cosésinx , 0<x<g

_ /2 ) -
sinEcosx , E<x<m/2 and u(x) = J; G(x, &) g dg , implies

Answer. Here, G(X, £) = {

u(x) =x — T sin x.
2
8. Solve the boundary value problem using Green’s function

d°u — 2. _ _
WHJ =x*;u(0)=u(n/2)=0.

2
Answer. u(x) = {2cosx+sin X[Z—%j+ X2 —2} :

3.3. Construction of Green’s function when the boundary value problem contains a parameter.

Consider a differential equation of order n

L(u) — 2 h=h(x) (1)
with Vi)=0,k=1,2,3,....n )
where  L(u) = p, (x)u™(x) + p,(x)u"(X) +...+ p, (X)u(x) (3)

and V, (u) = o u(@) + qu'(@) +...+ o u" (@) +... + S u(0) + Su'(D) +...+ AU (D) +... (4)

where the linear forms Vi, Va,..., Vi in u(a), U’ (a), ..., u"*(), u(b), u’'(b), ...,u"*(b) are linearly
independent, h(x) is a given continuous function of x, 4 is some non—zero numerical parameter.



For h(x) = 0, the equation (1) reduces to homogeneous boundary value problem
L(u)= Au,
Vku)=0,k=1,2,3,...,n (5)

Those values of 4 for which the boundary value problem (5) has non trivial solutions u(x) are called the
eigenvalues. The non-trivial solutions are called the associated eigen functions.

If the boundary value problem
L(u) =0,
Vku)=0,k=1,2,...,n (6)

contains the Green’s function G(x, &), then the boundary value problem (1) and (2) is equivalent to the
Fredholm integral equation

ux) = 4] G, &) u(&) d& +f(x) (7)

where )= [ G(x, &) h(&) d& ®)

In particular, the homogeneous boundary value problem (5) is equivalent to the homogeneous integral
equation

ux) = 2], G(x, &) (&) d¢ (©)

Since G(x, &) is a continuous kernel, therefore the Fredholm homogeneous integral equation of second

kind (9) can have at most a countable number of eigen values 41, 42,..., 4 which do not have a finite
limit point. For all values of A different from the eigen values, the non-homogeneous equation (7) has a
solution for any continuous function f(x). Thus the solution is given by

ux) = 2[R, &4) £(8) dg +H(8) (10)

where R(x, & ; A4) is the resolvent kernel of the kernel G(x, &). The function R(x, £ ; 1) is a
meromorphic function of A for any fixed values of x and & in [a, b]. The eigen values of the
homogeneous integral equation (9) may by the pole of this function.

2
3.3.1. Example. Reduce the boundary value problem j—g+/1u =X, u(0) = u(z/2) =0, to an integral
X

equation using Green’s function.

Solution. Consider the associated boundary value problem
d’u
— =0 1
dX2 ( )

whose general solution is given by u(x) = Ax + B
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The boundary conditions u(0) = 0, u(z/2) = 0 yields only the trivial solution u(x) = 0. Therefore, the
Green’s function G(x, &) exists for the associated boundary value problem

ax+a, , 0sx<¢

Gk &)= { bx+b, , E<x<7x/2 @)

The Green’s function G(x, &) must satisfy the following properties :
() The function G(x, &) is continuous at x = &, that is,

bié+ba=a1 & +a

=  (bi-a) & +(b2—a2)=0 3
(1) The derivative G(x, &) has a discontinuity of magnitude _{p tf)} at the pointx = £,
0
that is, [ﬁj —(@] =-1=>b—ai=-1 4
aX x=£&+0 8X x=£&-0

(1) The function G(x, &) must satisfy the boundary conditions

G(0, £)=0 = =0 ®)

G(z/2, £)=0 = bl(%j +b2=0 (6)
Solving the equations (3), (4), (5) and (6), we have

a1 = 1—2—§,a2:0, b= &,b1= —2—5.
V4 T
Substituting the value of the constants in (2), the required Green’s function G(x, &) is obtained

(—Z—ijx, 0<x<¢

T

G(x, &)= (7

T

(1—2—Xj§ . E<x<7)2

Consider the Green’s function G(x, &) given by the relation (7) as the kernel of the integral equation,
we obtain the integral equation for u(x) :

W) =10 — 2 G(x, &) u(&) de, where f) = [ G(x, &) £ de

or  f(x)= j (1——)5 dé+ j ( j £de



/2
or  f(x)= %(1_2%jxs+x(%§z_%§s)

2
or f(x) = lys 2 ya mX Lo, 24
3 3z 24 2 3z
2 3
or f(x) = Z X
24 6

Thus, the given boundary value problem has been reduced to an integral equation

ue) + A7 G(x, &) u(&) dé = %x—%xS.

3.3.2. Exercise.

2
1. Reduce the boundary value problem 373+ xu =1, u(0) = u(1) = 0 to an integral equation.

Answer. G(x, &) = ong(l—x) d§+jix(1—§) d¢ = %x(l—x), and the required integral equation is

U= [;6(x, £) u(é) dé - x(1-X)

2. Reduce the boundary value problem to an integral equation

2
STU‘iuﬂ, u@©) = u'(0)=0, u"(1)= u"(1)=0

7 =

Answer. u(x) = ﬂj:G(x , E) u(é) dé+ f(x) , where f(x) = %xz(x2 —4X% +6)

2 2
3. Reduce the boundary value problem SleJr%u =Au Jrcos,”?X , with u( —=1) = u(1) and

u (—1) = u' (1) to an integral equation.

1sinz(x—ff) , —1<x<¢
Answer. Here, G(x, &) = 71[

—sinz(é—x) : E<x<l

T 2

and u(x) = AflG(x L E) u(é) d§—(§sin%+%cos%x].

4. Reduce the following boundary value problems to integral equations.
(@) u”+Au = 2x+1,u(0)= u' (1), u" (0) =u()
(b) u” + Au=eX, u(0) = u” (0), u(l)= u'(2).
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—{(&-2 -1} , 0<
Answer. (a) Here, G(x, &) = { Ue=2)x+(c =1} X<égand the boundary value problem

—{(-Dx-1} , £<x<1

reduces to the integral equation
460 = ~2[}B(x, &) u() d5—2 (2X" +3x* ~17x-5).

-1 , 0<
(b) Here, G(x, &) = d+x)¢ X<¢ and the boundary value problem reduces to
—[@+&x , &<x<1

u(x) = —/ljole(x L&) u(E) dE —e.

2
5. Reduce the Bessel’s differential equation X° % + X:—u+ (Ax* =1)u = 0 with the conditions
X X

u(0) =0, u(1) =0 into an integral equation.
Answer.: The standard equation of Bessel’s equation is given by
X 2
—(@1-¢°), 0<x<¢

Here, G(x, &) = 25 and the integral equation can be obtained as
i(l—xz), F<x<1
2X

UK = A[ G(x, &) 1(€) u(&) dé .

2
6. Determine the Green’s function G(x, &) for the differential equation [%[x %j—%}u =0 with
the conditions u(0) =0 and u(1) = 0.
Xn
1-&), x<
a8 X<

Answer. G(x, &) = ’
J (1-x*"), x>&

2nx"

3.4. Non-homogeneous ordinary Equation. The boundary value problem associated with a non —
homogenous ordinary differential equation of second order is
2
Ly = Ao(x) 3732/ + A1(x)g—y +Ac(X)y="f(x),a<x<b (1)
X

a)+a,y'@ =0
with boundary conditions Y(@) +a,y (@) } (2

Byb)+5,y'(b) =0

where a1, a2, f1and [ are constants.
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3.4.1. Self-Adjoint Operator. The operator L is said to be self — adjoint if for any two functions say
u(x) and v(x) operated on L, the expression (vLu —uLv) dx is an exact differential that is, there exist a
function g such that dg = (vLu —uLv) dx.

3.4.2. Green’s Function Method. Green’s function method is an important method to solve B.V.P.
associated with non-homogeneous ordinary or partial differential equation . Here we shall show that a
B.V.P. will be reduced to a Fredholm integral equation whose kernel is Green’s function. We shall be
using a special type of B.V.P. namely Sturm — Liouville’s problem.

3.4.3. Theorem. Show that the differential operator L of the Sturm — Liouville’s Boundary value
problem (S.L.B.V.P.)

y= S 1 |+ 069+ 4p09] v = 0 (1)

with

o y(@)+a,y'(a) = 0} @

Byb)+ B,y (b) = 0
where «, B, az2and g are constants is self adjoint.

Proof. Let u and v be two solutions of the given S.L.B.V.P. then

Lu= dix [r(x)g—ﬂ + [90)+Ap(X)] u(x) = 0

and Lv= dix [r(x)j—g + [a()+Ap(X)] v(x) = 0
So,

vLu —uLv = V— [r(x)—} [a()+Ap(X)] u(x)v — {udix[r(x):—ﬂjt[q(x)+/1p(x)]v(x)u}

_, d a4 dv

_de [r(x)—x} u {r(x) }

_ d d dv dv \du
- {Vd_x(r(x)_j (‘X)—j—xH“d—x(“x)d—x)*(“x)d—xjd—J

I du d dv
r(x) V(X)d—x} e {Y(X) U(X)d—x}

gl

_df du dvi_d du_ 8V -dg
= 2 o - un G| = 2 [r(x) (v(x) Y dxﬂ %

where g = r(x)( v(x)j—u— u(x) g—vj . Then, (vLu —uLv) dx =dg
X X
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3.4.4. Construction of Green’s function by variation of parameter method.

Consider the non — homogeneous differential equation
d du
Lu= — [r(x) —} +[9(x) +Ap(X)] u(x) = f(x) (1)
dx dx

subject to boundary condition:

au(@+a,u’(@) = 0 N

UG+ AUD) = 0 ©
Construct the Green’s function and show that

up) = —[G(x, &) (&) d¢ (**)

where G(x, &) is the Green’s function defined above.

Solution. Let vi(x) and v2(x) be two linearly independent solution of the homogeneous differential
equation.

Lu= dix [r(x)g—ﬂ + [9(x) +Ap(x)] u(x) =0 2)

Then the general solution of (2) by the method of variation of parameters is
u(x) = a(x) vi(x) + az(x) va(x) (3)

where the unknown variables ai(x) and ax(x) are to be determined. We assume that neither the solution
vi(x) nor vz(x) satisfy both the boundary conditions at x = a and x = b but the general solution u(x)
satisfies these conditions.

Now, we differentiate (3) w.r.t. x and obtain
u'(x) = apv, +a,v; +ayv, +a,Vv, (4)

Let us equate to zero the terms involving derivatives of parameter, that is,

a; (X)v; () + a5 (x)v,(x) =0 (®)
which yields
u'(x) = a;(x) vi(x)+a,(x) v3(x) (6)

Putting the values of u(x) and u’(x) from (3) and (6) respectively in equation (1), we obtain

Lu= dix [T(X) (alvi +a,Vv, )] + [q(X) +/1p(X)] (awv1 + av2) = f(X)



or a1 {dd_x (rv))+v,(q+ /Ip)} +a, %[(r V5)+V,(q+Ap) |+ (av; +a5v;) r(x) = f(x) (7
Since v1 and v» are solutions of homogeneous equation (2), so by (7), we get
(ajv; +a,Vv, ) r(x) = f(x)

)

= a; (%) vi(x) +a;(x) vy (x) = (8)
r(x)
Equations (5) and equation (8) can be solved to get
ai (X) — f(X) \{2 (X) ' and arz (X) — _f(X) ’Vl (X) , (9)
r(X) [V2V1 —V\V, ] I‘(X) [Vzvl —ViV, ]
Now the operator L is exact and we have proved that
VoLvi—vilLvy= dix I:I‘(X) (V,v; — Vv,V ):' (10)

Since v and v are solutions of Sturm — Liouville homogeneous differential equation so that Lvi = 0 and
Lv2 = 0 and thus equation (10) gives

dix [r(¥) (v,v;—v,v5)] =0

= 1(x) (V,V,—Vv,v,) = constant = — S (say) (11)

Thus, equation (9) becomes

ai (X) — _f(X)IBVZ(X) and alz (X) — f(X);1(X):| (12)
Integrating (12), we get

a1(x) = —% [f) v,(0) de (13)
and  a(x) = % [ v (@) e (14)

where c1 and c are arbitrary constants to be determined from the boundary condition on a:(x) and ax(x).
These conditions are to be imposed in accordance with our earlier assumption that vi(x) and v2(x) does
not satisfy boundary conditions but the final solution u(x) satisfies boundary conditions in equation (*).
So, that

I
o

a,u(a) + a,u'(a)

pu(b) + p,u'(b)

(15)

1]
o

(16)
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0= aqu(a)+a,u’(a)
= o [8,(a)v,(2) +a,(a)v,(@)] + a, [, (2)v;(a) +2, (@) v, (a)]
= a,(a) [alvl (@) +a,v; (a)] +a,(a) [alv2 (@) +a,V, (a)]

Let us now assume that v2(x) satisfies first boundary condition of (*) but vi(x) does not satisfy it, then

aV,@+a,v,(@ =0
aVv,(@)+a,v,@) = 0

so that a1(a) [V, (@) +a,v;(a)] =0 = ai(a) =0

Using this condition in (13), we get

O=ai(a) = —% j'f(g) Vv, (&) d& which is satisfied when c1 = a

Gy

Thus, the solution in (13) is :
m@r=—%jﬂ@vxacw (a7)

Similarly, using (3) and (6) in (16), we obtain ¢, = b and the solution in (14) is
M@:%?@W@MM=—%}@WQMM (18)

The final solution of the non — homogeneous B.V.P. is
u(x) = a1(x) vi(x) + az(x) va(x)

j%wuﬂﬂ@vx@ds—%vxmﬁ@hu@ds

_ PV g g 1D g e = ok 22 d
!——E——@)fl 5 e !(&@(@ 3

v £<x<b
where G(x, &) =

SV00n(E) asx s

3.5. Basic Properties of Green’s Function.

3.5.1. Theorem. The Green function G(x, &) is symmetric inx and &, thatis, G(x, &) =G( ¢, x).



Proof. Interchanging x and & in G(x, &) defined above :

1
_Vl(é:) Vz(x) X < 5
Gx, &)= 1 =G(&,x).
—Vvi(X)Vv,(8) & =X
B
3.5.2. Theorem. The function G(x, &) satisfies the boundary conditions given in equation (*).

Proof. Consider

@16 &)+ a2 G'(@a &) = a{%} . a{ v;(a;vl(a}

[alvz (@) +a,V, (a)] v, ()

x|k P

[0]v,(&) =0x < &£ <b

Again, B1G(b, &)+ B2G'(b, &) = ﬂ{%} N ﬂ{vi(bl)g\/z(f)}

[Av, () + BV, (D)] v, (S)

|k ™|+

[0]v,(§) =0 ,a< & <x

3.5.3. Theorem. The function G(x, &) is continuous in [a, b]
Proof. Clearly, G(x, &) is continuous at every point of [a, b] except possibly at x = £. By definition of

G(x, &), it can be observed that both branches have same value at x = & given by %[vl(g) v,(&)].

Hence G(x, &) is continuous in [a, b].
oG , . - .
3.5.4. Theorem. ™ has a jump discontinuity at x = £, given by
X

G
OX

X

I
i
—
~
&y
~

x=&"
where r(x) is the co — efficient of u”(x) in equation (1).

Proof. We have @

OX

oG

1
x=¢" OX|x=¢
(0>¢) (x<e) P

00 v, 500w,
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. %[%(é) V,(&)~V5(&) v, ()]
1] 1 |
= E{@} = @ [By equation (11)]

3.6. Fredholm Integral Equation and Green’s Function. Consider the general boundary value
problem

d’y dy _
Ao(X) ——5 +A(X)—= +Axx)y + 4p(x)y=h(x) 1)
dx dx
with boundary conditions: y(a) = 0, y(b) = 0. 2

We shall show that it reduces to Fredholm integral equation with the Green’s function as its kernel.
To make the above operator in (1) as a self — adjoint operator, we shift the term A p(x)y to the right side

and then divide it by —C9 |
A, (X)

The solution of (1) in terms of Green’s function is

y(x) = —EG(X , ¢) (&) d& where f(x) = h(x) — 4 p(x) y(x)
o y(x)= —EG(X &) [N -4 (&) y] d&
= —EG(X,e‘) h(¢) d§+7tiG(X,§) (&) ¥(&) dg
=K(x) + 4 IG(X,f) p(&) (&) dg ©)

where K(x) = -Te(x L&) h(&) dé (4)

This is a Fredholm integral equation of the second kind with kernel K(x, &) = G(x, &) p(£) and a non
— homogeneous term K(x).

Now, multiplying equation (3) by /p(X) , we get
VPO () = \p(¥) K(x) + /’tj\/p(X) P(£) G(x, &)y/p(&) Y(&)d ¢

Let us use, u(x) = /p(x) y(x) and g(x) = /p(x) K(x)



Then, u(x)=g() + A[{/p0) p(€) G(x, &)u(&)d & (5)

Here the kernel of Fredholm integral equation of second kind is symmetric that is,

KX, &)= /p(x) p(&) G, &) (6)
IS symmetric, since G(x, &) is symmetric.

Remark : We had obtained the required result in equation (3). We had proceed to obtain equation (5)
just to get the kernel in more symmetric form.

3.7. Check Your Progress.

2
1. Solve the boundary value problem using Green’s function Z—S—U = —2e* with boundary
X

conditions u(0) = u’(0), u(l) + u'(l) =0.

Lone , 0<x<§

2

Answer. G(x, &) = and u(x) = —{(I—x)e* +sinh x]

1 o
—e , E<x<l
> &

4
2. Solve the boundary value problem using Green’s function j—lj =1, with boundary conditions u(0) =
X

u(0)=u"(1)=u"(1)=0.
%xz(&f—x) , 0<x<¢

Answer. G(x, &) = ) and u(x)zixz(x2—4x+6).
652(3§—x) , E<x<1 24

3.8. Summary. In this chapter, we discussed various methods to construct Green function for a given
non-homogeneous linear second order boundary value problem and then boundary value problem can be
reduced to Fredholm integral equation with Green function as kernel and hence can be solbed using the
methods studied in the previous chapter.
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